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What 1s meant by “build on”?

¢ student mathematical thinking™ (Hill,
Ball, & Schilling, 2008, p. 378)

o “ stfudent thinking during
instruction” (Van Zoest & Stockero, 2012, p. 43)

¢ ° and honor student mathematical
thinking” (NCTM, 2014, p. 30)

¢ stfudent thinking and also advance

important mathematical ideas” (Stein, Engle,
Smith, & Hughes, 2008, p. 314)

¢ “whole class discussions that student
thinking and guide the learning of the
class” (NCTM, 2014, p. 35)



Mathematical

An Example D=

Building 1 Building 2 Building 3

Study the sequence of cubes above. Assuming
the sequence continues in the same way, how
many cubes will there be in the nth building.

Adapted from “Counting Cubes”, Lappan, Fey, Fitzgerald, Friel, & Phillips (2004).
Connected Mathematics - Say it with symbols: Algebraic Reasoning
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Building 1 Building 2 Building 3

Student Solution A: The equationis Sn+1
where n equals the length of 1 individual arm
excluding the middle cube. You would mulfiply
that by 5, because there are 5 arms, and then
add 1 for the middle cube, and that'll give you
the number of cubes.

Adapted from “The Case of Peter Dubno and the Counting Cubes Task™,
www.nctm.org/Conferences-and-Professional-Development/Principles-to -Action-
Toolkit
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Student Solution B: We came up with S5n—4
There are 5 arms and n is the building number.
Since each arm includes the middle block, we
need to subtract 4 at the end.

Adapted from “The Case of Peter Dubno and the Counting Cubes Task™,
www.nctm.org/Conferences-and-Professional-Development/Principles-to -Action-
Toolkit




Is this Building?

A teacher invites these two students to share their
different solutions.



Is this Building?

A teacher invites these two students to share their
different solutions.

Teacher Follow-up: “The expressions are different
because the variable is defined differently in each
case.”



Is this Building?

A teacher invites these two students to share their
different solutions.

Teacher Follow-up: “Both students have been
able to count the number of blocks correctly for
the 4™ building and the 17 building but they

have non-equivalent expressions. How is this
possible?g”
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* IS O complex practice
* IS NOt a single move
 Mmust be a collection of moves

How would we recognize building If we saw ite



Principles Underlying
Productive Use of MOSTs5s

« The mathematics of the MOST Is at the
forefront.

« Students are positioned as legitimate
mathematical thinkers.

« Students are engaged in sense making.
« Students are working collaboratively.




Our Definition of

Building on student mathematical thinking
occurs when teachers make student
mathematical thinking the object of

consideration by the class in order to engage
the class in making sense of that thinking to
better understand an important mathematical
ideq.



Analyzing Teacher Practice

With this definition of building in mind identfify
which scenarios seem to be productive (or less
productive) ways of building on student thinking.
Justity your answer.

Building on student mathematical thinking occurs
when teachers make student mathematical
thinking the object of consideration by the class in
order to engage the class in making sense of that
thinking to better understand an important
mathematical ideaq.
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Assuming the sequence continves in the same woy.
hew many cubes wil there be in the th bulding?

The 17th bulding? The nth building %

badeg s bosdngt
Qur group noticed that the
number of cubes increased by
5 for each building, one on

each arm, so we wrote the
expression x + 5.

Stucy ihe fequence of bt Lelcng? beie \

It shows that you add 5
to the number of blocks
in the previous building.

What does the x + 5

Buiding 3
The x+5 adds to the
number of blocks in the
previous building but
doesn't use the building

tudy the sequence of cube buildngs elow.

ssuming the sequence com n the same way. Bn+1

w mary cubes will there be in the 4th building? Interesting. What's similar

e 174h building? The nth bulding " ) )
Bn.4 |or different in how the 5's

are used in these three
expressions!

Yeah, to find Building 10 you'd
have to work all the way up to 10.

Didn't the problem say that the
variable needed to be the building
number!

have so many good ideas.

| really like it when we get to talk
about our solutions.

\

The 17th building? The nth bullding Assuming the sequence continues in the same way B+ 1
hew mar 3 will there be in the 4th building?
— Later.. The 17th building? The nth building. 5',1, ‘the sequence of cube bulldings below.

) 5n-4 c wes i the seme way.

here be in the 4th building? Sn+1
7th building? The nth build
Is there anythmg wrong wuh not using Lhe 3 Lﬂ ; . . x+5 ieinar The e Bn-4
in -
building number? 47 ]
pu— —_ I'm glad to hear that you @ "

x+ 5

Lulcing Sulding 3

Me too. | really want this to be a class
where we can talk about our thinking.

next problem.

Let's see what you have to say about the

yoy8x5u0ssa] Buisn pajonijsuod soleuass ‘
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Analyzing LessonSketch
Episodes

Study the sequence of cube bulldings below. the sequence of cube buildings below.
Assuming the sequence continues in the some way, Ining the sequence continues in the same way, Bn+1
how many cubes will there be in the 4th building? Sn+1 hany cubes will there be in the dth building?

The 17th bullding? The nth building. 7th building? The nth building. «~—>
G% % 5n-4 L, 5n-4
‘] /
° = & LI T 0 1 I B
bwany Suidng2 Suteg1 Y P .
QOur group noticed that the []

number of cubes increased by
5 for each building, one on

each arm, so we wrote the \.
Iy

Building 2 Building 3 )

Interesting. VWhat's similar
or different in how the 5's
are used in these three

expressions?

In one they are added and
in the other two they are
multiplied.

What do you mean by
that?

expression x + 5.

In the first two, 5 is
multiplied by n and in the
last one it is added to x.

Oh, | just saw that they are using differer]
variables too.

—T1 L]

The 17th bulding? The nth building,

0 & CEAv .

Does anyone know what Beta means?

Study The sequence of Tangs oelow.
Assurting the sequence ues in the seme way. Bn+1 explicit
I there be in the 4¢h bulding>

how mary cubes
The 17+h building?

ﬁf%f%

Builcing | Building 2 Building 3

Sn-4  explicit

D § x5 recursive

Delta, do you mean that Beta is defining

) yopexyguossa Buisn pajoniisuod SoUBUSIS

|

-

|
-

'x" to mean something different than the

“n" in the problem?

I think Beta means that two are using . Right, the expressions using "n" are called
an "n" and the third is using an "x". r explicit formulas and the expression using

the "x" is called a recursive formula.

how many cubes will there be in the 4th building?
The 17th building? The nth bulding
) -— =,
Y (e ¥
Building | Building 2
[ _J
e W Y F S

———
=

.~ -~

| think Beta means that they are
each using a different variable.
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Analyzing LessonSketch
Episodes

fudy the sequence of cube bulldngs below.
<suming the sequence continues in the same way. Bnel
w many cubes will there be in the 4th building?
e 17¢h building? The nth building

The 17th bulding? The nth building
pooms | e

Our group noticed that the L
number of cubes increased by
5 for each building, one on What does the x + 5

each arm, so we wrote the
expression x + 5.

Srudy e sequence of Gt Bl g: belon
Assuming the sequence continues in the same way
how meny cubes will there be in the 4¢h bulding

Interesting. What's similar
or different in how the 5's
are used in these three

expressions?

5n-4

Scenario

The x+5 adds to the
number of blocks in the
previous building but

[ I ) doesn't use the building
number.

It shows that you add 5
to the number of blocks
in the previous building.

— s

"
Yeah, they use the §'s
differently.

‘Assuming the sequence confinses in the same way ‘ l P

hew many cubes will there be in the 4th building?
Sn-4 Study the sequence of cube bulld ngs below:
n Assuming the sequence continues in the same way, S5n+1  explicit
how many cubes will there be in the 4th building?
20 The 174h building? The nth bulding
x5 5n-4  explicit

The 17+h building? The nth building
@ 4 % ® ® | x5 recursive

@t—%

o \—’4' The 17th building? The nth building, ? .

building number?

lls there anydnng wrong with not using the

Yeah, to find Building 10 you'd
have to work all the way up to 10. Y 4 t —— - 4

T) Y218y Su0ssa] Buisn pejoni)suco SoURUSIS ‘

Thanks, Zeta, that captures the idea

- Y really well. Let me give you some
LA /; - - - 4 vocabulary to g with it. That part where ¢
\ = When you have an equation written Zera said "you need to know the number 1 f ]
Didn't the problem say that the ‘ - with an "n" we just need to know the ® | of cubes for the buildings up to that “_—! _:"g
“ w variable needed to be the building building number and plug it in, but like point”, is called a recursive formula, while (¢7 = -
. number? they said, when they did x + 5, we an equation that requires only the input T =
[ ] L J = ) had to know all the blocks of cubes in value is called an explicit formula. b
the building up to that point.

] -/?
b ] Vo=

- = -
The discussion continue:
A
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Study the sequence of cube bulangs Delow.
Assuming the Sequence cantinues in the Same way Bn+1
ubes will there be in the 4th building?

he 1741 ding? The nth & Idi ng.

ﬂﬁ%f% '.5""‘

ilding 1 Buikding 2 Building 3

Scenario

Our group neticed that the number of /[

Study the sequence of cuoe buTangs Gelow.
Assuming the sequence continues in the same way,
how many cubas will thers ba in tha 4th bullding? Sn+1
The 17+h building? The nth building.
5n-4
D | %7 -
" A P

Interesting Alpha. What's
similar or different in how

cubes increased by 5 for each building,
one on each arm, so we wrote the
expression x + 5 to show that you add 5 [ ] ]
9 to the number of blocks in the previous L
building.

i -

d {

the 5's are used in your
expression as compared
to the other two

expressions?

| added 5 to the number
of blocks in the previous
building while they used
the building number.

Study the sequence of cube Dullaings oelow.

Assuming the sequence continues in the same way, Sne1

how many cubes will there be in the 4th building?
The 17th building? The nth b

g Sn-4 Assuming the sequence continues in the same way, Bn+1
S5 how many cubes will there be in the 4th buldmg’
U The 17th building? The nth building
@ L ] x+5 5n-4

Study the sequence of cube bulkdings below.

5 &

Buikding 1 Building 2 Building 3

Study the sequence of cube buldngs below
Assuring the sequence continues in the same way, Sn+1  explicit
how many cubes will there be in the 4th building?

The 174h building? The nth building

Sn-4  explicit
6 L% ® § x5 recusive

Buiidin Building 3

S

yojaysuossa Buisn pajonijsuod SoUBUBS ‘

That's right, when you have an
equation written with an "n"
we just need to know the
building number and plug it in,
but with the x + 5, you have to
know all the blocks of cubes in
the building up to that point.

Well, to find the cubes in Building 10 I'd have
to work all the way up to 10.

When you need to knew the number of
cubes for the buildings up to the one you
want to find, it is called a recursive
formula, while an equation that requires
only the input value is called an explicit
formula.
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Scenari

Study the sequence of cube bUTngs Delaw,
Assuming the sequence continues in the same way,
how mary cubes will there be in the 4th building?

The 174h building? The nth building.
Building 3

7

Bullding 1 Buikding 2

5n+1

5n-4

F

Our group noticed that the number of
cubes increased by 5 for each building,
one on each arm, so we wrote the

expression x + 5.

-
¥

Study the sequence of cube DuIldings Delow.
Assuming the sequence continues in the some way,

how many cubes will there be in the 4th building?

The 17+th build: ng? The nth building,

P ﬁﬁ‘ Eé%ﬁ e

Interesting. It sounds like
your group was thinking
of what changes from

building to building. Is that

lli ‘Study the sequence of Cube BuITdNGS BEION.
" s " o

= Bn+1
So you used the plus 5 to show that you
added 5 to the number of blocks in the
previous building?

Suldng 3

Study the sequence of cube bullaings GEIow.
Assuming the sequence comtinues in the same way
how many cubes will there be in the 4th building?

Well it works, but you would have to
figure out the answers for all the buildings
up to the one you're trying to find. But

when you have an equation written with
an "n" you just need to know the building
number and plug it in

So to find the number of cubes
in Building 10 you'd have to
work all the way up to 10.

Yeah, but now I'm not so
sure our method is a
good one.

Study the sequence of cube bulldngs below.
Assuming the sequence continues in the same way,
how marry cubes will there be in the 4th building?
The 174h building? The nth

7

Bilding £

g

’ /]
Building 2 Building 3

Okay class, let me give you some
vocabulary to go with these ideas. When
you need to know the number of cubes
for the buildings up to the one you want
_|to find, it is called a recursive formula,
while an equation that requires only the
Linput value is called an exp

Sn+1 explicit

5n-4  explicit

x+5  recursive

) yojaySuossa Buisn palonisuo solLeusds ‘
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Study the sequence of cude DuTdings Delow.
Assuming the Sequence continues in the same way. Bn+1 ftudy the sequence of cube bul@ngs below

how many cubes will there be in the 4th bulding? ssuming the sequence continues in the same way. Bn+l
The 174h bailding? The nth building w many cubes will there be in the 4th building?

5n-4 e 17h building? The nth building
5n-4
D € % ié% U IR D f%:ﬂ P
- ¢
[ ’ ‘

= A (I -
(3 AP —
=
o
expression x + 5 to show that you add 5

- -
. to the number of blocks in the previous L
—

.building. s L - = °
ply T = W
[—_, L_- I n | P The 17+h building? The nth building. | - 4
RS @% E o & Eﬁ ’ 0
-

Interesting. What's similar
or different in how the 5's
are used in these three

expressions?

Sulcing 1 Building 2

|
ol ding 1 Building 2 Building 3 .
The x+5 adds to the
number of blocks in the
previous building but
doesn't use the building
number.

Scenario

U

N

Our group noticed that the number of
cubes increased by 5 for each building,
one on each arm, so we wrote the

|

F

Study the sequence of cube bulldings below.
Assuming the sequence continues in the same way
how marry cubes will there be in the 4th building?
The 17+h building? The nth building

—~ B5n+1
That's right; the x+5 adds the 5 K ]

to the number of blocks in the

faina 1 Baild

Building 1 Building 2 Buikding 3

yojaysuossa buisn pajonijsuos SoLEUsdg ‘

previous building and in the ® —_—————— : J
other equations the building Can s°m‘e°”g summarize =
number is multiplied by 5. [ y[ what we've discussed? T Y
[ 4 So what is the relationship between .
addition and multiplication? .
=1 ® T ¢
= = LI ] — L . Thank: i
—=rd ~ - ry nks, Zeta, that captures the idea
[Mul pl k g 7'— really well. So in this situation, multiplying
1} =, ' /1‘=7 ] the building number by 5 is more efficient
— | can. If you don't want to add the ~ < than adding 5 for each building.
[ same thing a bunch of times, you can v 7 =]
A ) W multiply instead. -/(5

N —t
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Discussion Questions

« To what extent does this conceptualization
of building resonate with your experience?¢

« How do you see this conceptualization as
being useful In your practice as a
mathemartics teacher educatore

 What is the value of unpacking

mathematics teaching practices to this
levele
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